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We present a theory of neutrino oscillations in a dense medium which goes beyond the effective matter
potential used in the description of the MSW effect. We show how the purity of the neutrino state is degraded by
neutrino interactions with the environment and how neutrino–matter interactions can be a source of decoherence.
We present new oscillation formulae for neutrinos interacting with leptons and carry out a numerical analysis
which exhibits deviations from the MSW formulae for propagation in dense objects, such as white dwarfs,
with energies of order of 1GeV . In particular, we show that at high density and/or high neutrino energy, the
vanishing transition probabilities derived for MSW effect, are non zero when the scattering is taken into account.
Moreover, we analyze CP and CPT symmetry violations due to the scattering term and to the related decoherence
effect.
I. INTRODUCTION
Neutrinos are notoriously elusive particles with an ex-
tremely low interaction rate [1], which oscillate among three
different flavors [2]-[7]. They only participate in weak and
gravitational interactions, but the latter can be neglected for
all practical purposes, in virtue of their small mass [7]. In-
deed, the primary modification induced by matter on neutrino
oscillations, known as the MSW effect [8], [9] is entirely due
to the weak interactions of neutrinos with the electrons and
nucleons of the environment. The MSW effect is in essence
an effective theory, since all the interactions are comprised in
an effective position–dependent potential V (x), giving rise to
neutrino optics phenomena such as refraction. Neutrino os-
cillations are then affected by the presence of the medium be-
cause the effective potentials Vα(x), and thus the refraction
indices nα(x), are different for different flavors α [10]. There
is one major shortcoming in adopting such an effective field
approach to neutrino–matter interactions, and it is the com-
plete loss of insight on the dissipative aspects of these interac-
tions. The unitary evolution driven by the effective potentials
Vα(x) preserves the purity of neutrino states. While this is
reasonable for neutrino oscillations in vacuum, for the inter-
actions in a medium, where neutrinos are in contact with a
thermal bath of particles, a loss of coherence due to collisions
with the medium is to be expected.
Neglecting any decoherence is justified when the neutrino
energy and the density of the medium are small enough that
the probability of having a scattering can be neglected. In this
case, the evolution of neutrino states is mainly driven by the
mixing Hamiltonian, and the interactions with the medium are
so rare that their only effect is to modify the dispersion rela-
tion for mixed neutrinos. This coherent evolution ceases to
be a complete description of the physical system as soon as
the scattering probability cannot be neglected. As the number
of collisions grows, some degree of decoherence is induced
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on the neutrino evolution and the description of neutrinos in
terms of coherent oscillations is no longer exhaustive. In the
case of an extremely dense medium, the collisions are so fre-
quent that they dominate over mixing, eventually leading to an
incoherent evolution. Under these circumstances, more ade-
quate treatments can be given in terms of an effective damping
of the oscillations [11], by means of a Boltzmann–like colli-
sion integral [12] and through a kinetic equation for neutrinos
[13].
Decoherence, in connection with neutrino oscillations, has
been thoroughly studied, from both a phenomenological and
a theoretical standpoint. In [14, 15] neutrinos are modeled
as an open quantum system, and their dissipative dynamics
is discussed on quite general grounds. Various experimental
proposals can be found in [16]. It has been shown that deco-
herence leads to modified oscillation formulae [14], and that
decoherent neutrino evolutions might shed light on the fun-
damental nature of neutrinos [16] as well as provide insight
on non conventional neutrino interactions [17] and Quantum
Gravity effects.
In this work we present a novel approach to neutrino oscil-
lations in matter, in which the loss of coherence due to the col-
lisions with the medium is explicitly taken into account. The
aim of the paper is two–fold: to provide a theory of neutrino
oscillations in a dense medium which goes beyond the effec-
tive matter potential, and to give a quantitative account of the
quantum decoherence induced by the interactions with the en-
vironment. Since, to this end, one needs to resolve the details
of the single scattering events and estimate the loss of coher-
ence due to the latter, our considerations are in principle valid
for the propagation of neutrinos in any environment, regard-
less of the frequency of collisions. We show how the purity
of the neutrino state is degraded as an effect of its interactions
with the environment. This can be interpreted as the quantum
decoherence arising from a dissipative Markovian evolution.
We then discuss how neutrino–matter interactions can be a
source of decoherence, providing a microscopic explanation
to the phenomenology of decoherent neutrino oscillations as
analyzed in the previous works. This phenomenon can be of
particular interest, not only for a deeper understanding of neu-
trino oscillations in matter, but also for its phenomenological
implications. We obtain new oscillation formulae for neutrino
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2propagating in dense objects which show deviations from the
MSW formulae which are, in principle, detectable.
The paper is structured as follows: in Section II, we con-
sider the neutrino-lepton interactions and we assume that the
number of neutrinos remains unchanged after any interaction.
In Section III, we discuss the general aspects of the neutrino
propagation in matter when collisions are considered and, in
Section IV, we introduce the Hamiltonian and the evolution
operator for neutrino-lepton scattering. In Section V, we eval-
uate the decoherence induced on neutrinos by the weak inter-
actions. In Section VI, we present new oscillation formulae
and carry out a numerical analysis for neutrino state propagat-
ing in a dense medium, with energy bigger than 1GeV and
interacting only with leptons. Section VII is devoted to con-
clusions.
II. NEUTRINO-LEPTON INTERACTIONS
In this first analysis we consider a neutrino with two pos-
sible flavor states νe, νµ propagating in matter. We adopt the
simplifying assumption that the interaction with the nucleons
of the medium can be neglected, and retain the purely leptonic
interactions with electrons e− and muons µ− only. Neutrino–
nucleon and neutrino–nuclei interactions would indeed lead to
more involved calculations, obscuring the essential physical
insights that can already be grasped in our simpler setting. In
addition, as far as processes involving the emission or absorp-
tion of neutrinos can be neglected, the interaction of nucleons
and nuclei with neutrinos is the same for all flavors, so that
the oscillations are unaffected. Our second assumption is that
all the processes involving the emission or absorption of neu-
trinos, as muon decay µ− → e− + ν¯e + νµ, can be neglected.
In other words, we are assuming that the number of neutrinos
remains unchanged after any interaction, so that it still makes
sense to speak about the oscillations of a single neutrino. All
the reactions we consider must then have the form
να + l↔ νβ + l′ ν¯α + l↔ ν¯β + l′ (1)
where α, β, l, l′ = e, µ and the bar denotes antineutrinos. The
form of Eq. (1) includes all the scatterings (να, ν¯α) + l ↔
(να, ν¯α) + l, and two additional reactions, one for neutrinos
and one for antineutrinos. These are
νe + µ
− ↔ νµ + e− ν¯e + e− ↔ ν¯µ + µ− (2)
and they are, apart from scatterings, the only processes of the
form (1) which respect lepton number conservation.
Depending on the neutrino energy Eν , and to a lesser ex-
tent on the medium density, we can distinguish two regimes.
When low energy neutrinos are considered, a large number
of constituents of the medium participates in the weak in-
teraction, and the forward scattering amplitudes due to them
add up coherently [9, 18]. Their collective action amounts to
a (flavor–dependent) neutrino refractive index nα(x), which
can also be understood in terms of an average potential term
in the neutrino Hamiltonian [19]
Vα(x, t) = ±δαe
√
2GFNe(x, t) . (3)
Here δae is the Kronecker delta, GF is the Fermi constant and
Ne(x, t) is the electron number density of the medium. In
Eq. (3) the (minus) plus sign is reserved for (anti–) neutrinos.
The coherent phenomenon described by Eq. (3) is the source
of the MSW effect [8, 9]. This pure neutrino optics picture
breaks down as the neutrino energy Eν or the medium den-
sity Ne are increased. Indeed , since the total cross section for
neutrino–lepton scattering grows linearly with the energy [1],
[20] σνl ∝ Eν , the number of scattering events grows, and the
evolution is no longer coherent. In most of the cases of inter-
est, even at comparably high neutrino energies Eν ∼ 1TeV ,
the cross section remains so small that only a few scattering
events can take place during the neutrino propagation. This
can be seen immediately by evaluating the neutrino mean free
path l = (Neσ)−1 for the density profiles Ne of interest. On
this basis, one usually discards the second order effects alto-
gether, and only retains the matter potential of Eq. (3). The
major drawback in doing so is that the neutrino evolution re-
mains unitary, just as in the vacuum, so that no dissipative ef-
fects occur. In the next section, we study neutrino oscillations
in a medium, going beyond the effective matter potential of
equation (3). In order to encompass the dissipative effects due
to neutrino–matter interactions, we shall analyze the effect of
collisions on the neutrino propagation. We will show that an
initially pure neutrino state is turned into a mixed state after
the scattering, and that, in general, the purity of the neutrino
state is degraded by each scattering event.
III. NEUTRINO PROPAGATIONWITH COLLISIONS:
GENERAL ASPECTS
We start by discussing the general features of the neutrino
propagation in matter when collisions are explicitly taken into
account. The neutrino propagation is characterized by two
evolution operators, U0(t) and UW . The first acts on the neu-
trino degrees of freedom alone, and corresponds to the uni-
tary evolution in between the collisions driven by the mixing
Hamiltonian and the matter potential of Eq. (3). The second
describes the collisions, and couples the neutrino and charged
lepton degrees of freedom. The precise form of both U0(t)
and UW shall be discussed in the next paragraphs. The crucial
point is that the collisions occur in a narrow spacetime region,
in which the effect of U0(t) can be neglected, so that we can
schematize the neutrino propagation as a sequence of (nearly)
instantaneous collisions spaced out by intervals of coherent
evolution.
Once the initial neutrino–lepton state is specified ρ(t0), one
simply evolves the density matrix according to the evolution
operator U0(t) up to a time right before the scattering tI , in
order to obtain ρ(tI). The density matrix of the neutrino–
lepton system right after the scattering ρ(tF ) is related to the
density matrix right before the scattering ρ(tI) via
ρ(tF ) = UW ρ(tI)U
†
W . (4)
After the scattering event, the density matrix evolves again
under the action of U0(t). These steps are repeated as many
3times as the number of collisions that occur, so that the neu-
trino state ρν(t) = Trl(ρ(t)), obtained by tracing out the
charged lepton degrees of freedom, can be computed, in prin-
ciple, for an arbitrary propagation and an arbitrary number of
collisions. Then the neutrino density matrix can generally be
written as
ρν(t) =
∞∑
n=0
Pn(t)ρ
(n)
ν (t) , (5)
where Pn(t) is the probability that after a time t, n scatter-
ing events have taken place, and ρ(n)ν (t) is the neutrino den-
sity matrix after n collisions at time t. If the medium is ho-
mogenous, the probability of having a scattering, at any time,
is independent of t and n, so that Pn(t) is a Poisson distri-
bution of the form Pn(t) =
(αt)ne−αt
n! . Since the instants{t1, ..., tn}, 0 ≤ ti ≤ t at which the collisions occur are
randomly distributed in the interval [0, t], the density matrix
ρ
(n)
ν (t) for n collisions involves a statistical average
ρ(n)ν (t) =
∫ t
t1=0
∫ t
tn>tn−1...>t2>t1
dt1...dtnRn(t1, ..., tn)ην(t; t1, ..., tn) .
(6)
In equation (6), the quantitiesRn(t1, ..., tn) represent the joint
probability distribution of the n collisions occurring at the
times {t1, ..., tn}, with normalization∫ t
t1=0
∫ t
tn>tn−1...>t2>t1
dt1...dtnRn(t1, ..., tn) = 1 (7)
corresponding to the certainty that n collisions occur in the
interval [0, t]. The second term ην(t; t1, ..., tn) is the neutrino
density matrix at time t, after n collisions occurring exactly at
the times {t1, ..., tn}. These are obtained by repeated applica-
tion of the evolution operator U0(t) in between the collisions,
and of equation (4) at any collision. As it can be seen from the
above discussion, the determination of the neutrino density
matrix with growing n becomes soon intractable analytically,
and for a large number of collisions some approximation must
be invoked. Nevertheless, in normal environments, the prob-
ability of having 2 or more collisions is extremely small and
can be neglected. In this case equation (5) simplifies to
ρν(t) = (1− P (t))ρ(0)ν (t) + P (t)ρ(1)ν (t) (8)
where P (t) is the probability of having one collision in the
time interval [0, t] and ρ(0)ν (t) is the neutrino density matrix
at time t evolved only under the action of the mixing Hamil-
tonian and the matter potential ρ(0)ν (t) = U0(t)ρ
(0)
ν (0)U
†
0 (t).
The density matrix for a single collision still requires an aver-
age over all the possible times t′ of the scattering; assuming a
homogeneous medium, equation (6) becomes
ρ(1)ν (t) =
1
t
∫ t
0
dt′ην(t; t′) . (9)
In the following we assume that collisions always involve
a single neutrino and a single charged lepton, so that n–body
interactions, with n > 2 can be neglected. The individual
neutrino and the individual charged lepton taking part in the
reactions of Eq. (1) can be thought of as two–level systems.
The neutrino state |ν〉 can be either electronic |νe〉 or muonic
|νµ〉, and, similarly, we can regard the electron |e〉 and the
muon |µ〉 respectively as the ground and excited state of the
charged lepton |l〉. Of course, the same applies to the indivual
antineutrino |ν¯〉 = |ν¯e〉 , |ν¯µ〉. Since all the processes of Eq.
(1) involve a neutrino and a charged lepton in both the initial
and final state, a basis for the states of the system composed of
the neutrino and of the particular background charged lepton
that take part in the reaction of Eq. (1) is given by
|νl, l′〉 .= |νl〉 ⊗ |l′〉 , (10)
with l, l′ = e, µ. A couple of comments are in order. For our
purposes the exact spacetime dependence of the states of Eq.
(10) is irrelevant, as long as they are sharply peaked around
a given 4-momentum. The same holds for their spin depen-
dence, since we will average over all the possible charged
lepton helicities [21]. The essential requirement is that they
contain, up to spin averaging, all the kinematical information
needed to characterize the reactions of Eq. (1). In principle
one might choose any reference frame to study the reactions,
and then the states of Eq. (10) would be characterized by the
neutrino and the charged lepton 4–momenta pµ(ν), p
µ
(l) in this
frame. One should then enforce the total 4–momentum con-
servation for each of the processes in Eq. (1) by suitably defin-
ing the inner products between the states. For our purposes,
however, it is much more convenient to work in the rest frame
of the medium, which simplifies extremely both the kinemat-
ics and the notation. Consider the prototype reaction of equa-
tion (1) and denote by pµα, p
µ
l respectively the 4-momentum of
the incoming neutrino and of the target charged lepton. The
latter is at rest in the chosen frame, so that pµl ≡ (ml, 0, 0, 0),
with ml its mass. We shall consider neutrino energies that are
much greater than any of the masses involved Eν  mµ,
where mµ is the muon mass. Choosing the third spatial
axis to coincide with the direction of motion of the incom-
ing neutrino, its momentum reads pµα ≡ (Eα, 0, 0, pα), with
pα ' Eα. For a generic scattering, the momenta of the out-
going particles pµl′ , p
µ
β are constrained only by the conserva-
tion of the total 4-momentum. However, considering reactions
with a small 4-momentum transfer qµ = pµβ − pµα ' 0 and re-
quiring that the outgoing neutrino is emitted within a small
solid angle δΩ around the direction of the incoming neutrino
fixes the final 4-momenta to the definite values
pµβ ' pµα pµl′ ' (ml′ , 0, 0, 0) . (11)
In this occurrence the neutrino essentially preserves both its
energy and its direction of motion after the scattering. Then,
in this case, it is sufficient to specify the energy of the incom-
ing neutrino to fully determine the kinematics of the collision.
Hence we can think of the states of the neutrino–lepton sys-
tem as specified by a single parameter Eν , and assume that
states corresponding to different neutrino energies be orthog-
onal to each other. If one relaxes the assumptions of vanishing
4-momentum transfer and small scattering angle, a single pa-
rameter no longer suffices to specify the states of Eq. (10),
4and the complete kinematics of the reaction must be encoded
in the states. We defer these complications to later studies,
and, from now on, we shall always work in the 4–dimensional
Hilbert spaceHE(ν) spanned by the vectors of Eq. (10) corre-
sponding to a given neutrino energy E(ν) in the rest frame of
the medium, with the understanding that equation (11) holds.
IV. NEUTRINO–LEPTON SCATTERING: HAMILTONIAN
AND EVOLUTION OPERATOR
The next step is to describe the time evolution of the
neutrino–lepton system, according to the paradigm described
in the previous section. This requires that we find the pre-
cise form of the evolution operators U0 and UW . In princi-
ple, the initial state could be any of the states in Eq. (10);
in practice, ordinary matter is usually devoid of muons, which
decay rapidly [7], and the initial state usually contains an elec-
tron as charged lepton |ψ(t = 0)〉 = |νl, e〉. This corresponds
to the fact that it is much more probable, for a neutrino, to
interact with an electron, rather than with a muon. Despite
this, we shall describe, for completeness, the evolution of the
neutrino–lepton system regardless of its initial state. To begin
with, we switch to a matrix notation, and write the states of
Eq. (10) as
|νe, e〉 ≡
100
0
 |νe, µ〉 ≡
010
0
 |νµ, e〉 ≡
001
0
 |νµ, µ〉 ≡
000
1
 ,
(12)
so that any operator on HE(ν) is written as a 4 × 4 matrix.
We adopt a similar convention for the antineutrino states, by
simply replacing ν with ν¯.
The first term occurring in the system Hamiltonian is that
of mixing, which is responsible for the neutrino oscillations.
Dropping terms proportional to the identity, this is [17]
HM = ω0 (cos 2θσ
z
ν − sin 2θσxν )⊗ 1l (13)
where ω0 = −∆m
2
4E(ν)
, θ is the two–flavor mixing angle and
∆m2 = m22 − m21 is the squared neutrino mass difference.
The subscripts ν and l refer to the neutrino and the lepton
subspaces, so that σjν denotes the j-th Pauli operator on the
neutrino subspace. The Hamiltonian in Eq. (13), assuming no
CP violating phase, is valid for both neutrinos and antineutri-
nos. The second term is the MSW matter potential of Eq.(3),
which can be written as
HMSW = ±
√
2
2
GFNeσ
z
ν ⊗ 1l , (14)
where we have dropped a term proportional to the identity.
Two points need to be stressed. Both the Hamiltonians of
Eqs. (13) and (14) must be considered all along the neutrino
propagation; the vanishing of the electron density Ne outside
the medium then ensures that only the first term survives in
vacuum. This is in contrast to the Hamiltonian governing the
neutrino–lepton collision, which vanishes outside the narrow
spacetime region in which the scattering takes place. Sec-
ondly, the quantities E(ν), Ne appearing in Eqs. (13) and (14)
are defined with respect to the rest frame of the medium. From
equations (13) and (14) we can see that the unitary operator
which characterizes the coherent evolution of the neutrino–
lepton system is given by
U0(t) = e
−i(HM+HMSW )t . (15)
The final term is the Hamiltonian HW governing the colli-
sion. In view of the possible transitions of Eqs. (1) and (2), its
general form on the basis of Eq. (12) is
HW =
 α1 0 0 00 α2 β 00 β α3 0
0 0 0 α4

H¯W =
 α¯1 0 0 γ0 α¯2 0 00 0 α¯3 0
γ 0 0 α¯4
 (16)
where H¯W denotes the Hamiltonian for antineutrinos and
αj , α¯j , β, γ are parameters to be determined. In order to fix
these quantities, we need to analyse the field theoretical am-
plitude for the reactions of Eq. (1). If the field theoretical
2-particle states |p1, p2〉 are normalized to 〈p1, p2| |p′1, p′2〉 =
(2pi)3δ3(p′1 − p1)(2pi)3(p′2 − p2) , the scattering amplitude
reads [22]
〈p′1, p′2|S |p1, p2〉 = I−i(2pi)4δ4(p1+p2−p′1−p′2) M(p, p
′)√
16E1E2E′1E
′
2
(17)
where I is the identity and M(p, p′) is the Lorentz-invariant
amplitude for the process. The matrix elements of the interac-
tion hamiltonian can be deduced by comparing eq. (17) with
the scattering matrix that would be produced by an interaction
potential (see for instance [23]), which to first order reads
〈f |S |i〉 = I − 2piiδ(Ef − Ei) 〈f |HI |i〉 . (18)
Here |i〉 , |f〉 denote the initial and final states,Ei, Ef the total
initial and final energy and HI is the interaction Hamiltonian.
Comparing equations (17) and (18) we find
〈f |HI |i〉 = (2pi)3δ3(p′1 + p′2 − p1 − p2)
M(p, p′)√
16E1E2E′1E
′
2
.
(19)
The equation (19) yields the matrix elements of the interac-
tion Hamiltonian on the field theoretical states |p1, p2〉. To go
further we need the matrix elements of the interaction Hamil-
tonian on the states of eq. (12) which are normalized to unity.
This is fundamental if one wishes to obtain the transition prob-
ability to a definite final state and thus derive a well–defined
quantum mechanical operator HI . To renormalize the two
particle states, we follow the reference [24] and enclose the
system in a box with large volume V . As we only consider
states which satisfy 4-momentum conservation, as the states
of Eq. (12) automatically do, the Dirac delta in (19) is just
5δ3(0) = V2pi3 . In addition, the singular normalization of the
2-particle states becomes
〈p1, p2| |p′1, p′2〉 = V 2δp1 ,p′1 δp2 ,p′2 (20)
where now δp,q is a Kronecker delta. The two particle states
are then normalized to unity if all of them are multiplied by
1
V . To find the normalized matrix elements we just divide
equation (19) by V 2, so to obtain
〈f |H(norm)I |i〉 =
M(p, p′)
V
√
16E1E2E′1E
′
2
. (21)
The Lorentz-invariant amplitude M for the reactions of eq.
(1), appropriately averaged over the charged lepton helicities,
can be obtained straightforwardly from the corresponding to-
tal cross section σ as[25] (see for instance [26])
σ =
|M |2
16pis
(22)
where s is the total center of momentum energy squared.
From a direct field theoretical calculation one also finds that
the amplitudes M for these reactions are real, so that
M =
√
16pisσ . (23)
For high neutrino energies, the total cross sections can be
found in [27]. Using eqs. (21) for HW , H¯W and (23) we
arrive at the matrix elements
|α1|2 = 2G
2
F
V 2
(
1
4
+ sin2 θW +
4
3
sin4 θW
)
|α3|2 = 2G
2
F
V 2
(
1
4
− sin2 θW + 4
3
sin4 θW
)
|α¯1|2 = 2G
2
F
V 2
(
1
12
+
1
3
sin2 θW +
4
3
sin4 θW
)
|α¯3|2 = 2G
2
F
V 2
(
1
12
− 1
3
sin2 θW +
4
3
sin4 θW
)
|β|2 = 2G
2
F
V 2
|γ|2 = 2G
2
F
3V 2
(24)
The remaining parameters can be fixed by noticing that due
to our assumptions, and having neglected all the masses, the
amplitudes for the processes 1 → 1 and 4 → 4, which get
contributions from both the neutral and the charged current,
are identical. Similarly, the pure neutral current reactions
2 → 2, 3 → 3 have the same field theoretical amplitudes.
An analogous reasoning holds for the transitions involving an-
tineutrinos. Hence we have |α2|2 = |α3|2 , |α4|2 = |α1|2,
|α¯2|2 = |α¯3|2 and |α¯1|2 = |α¯4|2. Since both HW and H¯W
are real, equations (24) suffice to determine all the parameters.
The scattering Hamiltonian shall be expedient in the deter-
mination of the corresponding evolution operator. Nonethe-
less, the former still contains the undetermined, and in prin-
ciple arbitrary, normalization volume V . To get rid of V it is
convenient to work directly with the time evolution operator
UW (t) = e
−iHW t. A priori, one should first consider the total
Hamiltonian of the system HT = HM + HW + HMSW and
then evolve the states according to |ψ(t)〉 = e−iHT t |ψ(0)〉.
Anyway, for a single neutrino–lepton interaction, the action of
HW is confined to an extremely narrow region, in both space
and time. The effective range of the weak interaction is in-
deed around 10−17−10−16 m [28], while its typical timescale
can be inferred from the lifetime of weakly decaying particles
such as the charged pions [29] τpi± ' 2.6×10−8 s. Compared
to the neutrino oscillation period T = 4piE(ν)∆m2 , which for the
energies we consider E(ν) ≥ 1 GeV is at least of the order
of T ' 10−2 s, the interaction due to HW can be considered
impulsive. This also holds in presence of the matter potential,
which shifts the squared mass difference to
∆m2m = ∆
2
m
√√√√(cos 2θ ± 2√2GFNeE(ν)
∆m2
)2
+ sin2 2θ ,
(25)
and thus the period to Tm =
4piE(ν)
∆m2m
. It follows that, on the
short timescales of the neutrino–lepton collision, one can ne-
glect the oscillation term HM and the potential term HMSW ,
and consider only the nearly istantaneous jumps due to HW .
If |ψi〉 and |ψf 〉 denote the states just before and just after the
neutrino–lepton collision, we have
|ψf 〉 = e−iHW τ |ψi〉 = UW (τ) |ψi〉 , (26)
where τ is the duration of the weak processes.
We need now to determine the precise form of UW . Natu-
rally, UW can be represented as a unitary 4× 4 matrix on the
basis states of Eq. (10). Because of the different weak pro-
cesses occurring (see Eq. (2)), we have two distinct operators,
one for neutrinos UW and one for antineutrinos U¯W . From
equation (16) it is clear that the only non–zero elements are
those on the main diagonal UW,jj , U¯W,jj with j = 1, 2, 3, 4
and the elements UW,23, UW,32, U¯W,14, U¯W,41. Various strate-
gies can be pursued in order to fix these matrix elements. For
instance, one could use for UW the properly normalized el-
ements of the field theoretical scattering matrix for the rele-
vant reactions. Nonetheless, the most economical way to fix
UW , given our simple setting, is to resort to its interpretation
in terms of transition probabilities. First notice that the sym-
metries of the scattering Hamiltonian are obviously translated
into symmetries of the evolution operator:
UW,11 = UW,44 UW,22 = UW,33 |UW,23| = |UW,32|
U¯W,11 = U¯W,44 U¯W,22 = U¯W,33 |U¯W,14| = |U¯W,41|
(27)
The modulus of the matrix elements is then fixed by the uni-
tarity constraint on UW , U¯W and by requiring that the squared
moduli |UW,ij |2 equal the probability for the corresponding
transition i → j. We take the latter to be proportional to the
total cross section for the related reaction σij . Within our as-
6sumptions, this yields
|UW,32|2
|UW,33|2 =
σ32
σ33
=
1
1
4 − sin2 θW + 43 sin4 θW
|U¯W,14|2
|U¯W,11|2 =
σ14
σ11
=
1
1
4 + sin
2 θW + 4 sin
4 θW
. (28)
An important remark here is that only the ratios between the
cross section is significant for the determination of the evo-
lution operator. Since UW and HW refer to the single scat-
tering event, neither of them can contain information on the
actual interaction rate, which of course depends on the matter
density Ne of the medium. Equations (28), together with the
unitarity constraint and the symmetries of UW , U¯W , suffice to
determine the modulus of all the matrix elements. This leaves
a total of 12 phases to be determined, 6 for UW and 6 for U¯W .
Out of the 12 phases, 6 are constrained by the symmetry ar-
guments above, and another 4 can be eliminated by using the
phase freedom in the definition of the states [31]. The remain-
ing two phases can be determined by a closer inspection of the
weak Hamiltonian HW and the resulting amplitudes. To this
end we first rewrite HW taking into account its symmetries.
Defining α± = α1±α22 , we can write
HW = α+1 +H−
H− =
 α− 0 0 00 −α− β 00 β −α− 0
0 0 0 α−
.
 (29)
It follows, from Eq. (26) that UW = e−iα+τU− with φ =
α−τ and
U− =

e−iφ 0 0 0
0 eiφ cosβτ −ieiφ sinβτ 0
0 −ieiφ sinβτ eiφ cosβτ 0
0 0 0 e−iφ
 . (30)
The quantity sin2 βτ is then the probability for the transition
2 ↔ 3, which from Eq. (28) equals σ32σ32+σ33 =
|β|2
|β|2+|α2|2 .
Using equation (24) we obtain
sin2 βτ =
1
5
4 − sin2 θW + 43 sin4 θW
. (31)
Finally, the following chain of equalities allows for the deter-
mination of the phase φ in equation (30)
φ = α−τ =
α−
β
βτ =
α−
β
arcsin
(√
1
5
4 − sin2 θW + 43 sin4 θW
)
=
1
2
[√
1
4
+ sin2 θW +
4
3
sin4 θW −
√
1
4
− sin2 θW + 4
3
sin4 θW
]
× arcsin
(√
1
5
4
− sin2 θW + 43 sin4 θW
)
.
By a similar argument, we can determine the unknown phase
φ¯ in U¯W , which reads
φ¯ =
√
3
2
arcsin
(√
1
5
4
+ sin2 θW + 4 sin
4 θW
)
×
[√
1
12
+
1
3
sin2 θW +
4
3
sin4 θW −
√
1
12
− 1
3
sin2 θW +
4
3
sin4 θW
]
(32)
V. DECOHERENCE
Having found the evolution operator for a single collision
UW , we can use the results of the previous section to describe
the neutrino propagation in a medium for an arbitrary number
of collisions according to the paradigm described in section
(III). In particular, we can evaluate the decoherence induced
on neutrinos by the weak interactions and derive new oscil-
lation formulae. If the neutrino–charged lepton system were
isolated from the rest of the universe, its dynamics would be
fully described via the unitary evolution operators due to mix-
ing e−iHM t and due to the weak scattering UW . After the
scattering event, an initially pure state would remain pure ,
and the charged lepton state, unaffected by the mixing Hamil-
tonian, would maintain its form unaltered apart from a phase
factor. But this is not the case. The specific charged lepton that
is involved in the weak reaction with the neutrino actually be-
longs to a thermal bath. After the scattering event, the charged
lepton interacts with the medium, until its surplus or defect in
energy and momentum, due to the scattering, is redistributed
among the particles of the bath, and thermal equilibrium is
eventually restored . At this point, any information on the
individual charged lepton state that emerges from the scatter-
ing is lost, whereas the neutrino state keeps evolving under
the action of the mixing Hamiltonian. Another way to state
this fact is that any quantum entanglement between the neu-
trino and the charged lepton, generated by their interaction, is
subsequently destroyed by the interactions of the charged lep-
ton with the medium. These considerations can be made into
a quantitative statement about the neutrino state. If ρ(t) de-
notes the density matrix of the neutrino–lepton system at time
t, the neutrino density matrix is obtained by tracing over the
charged lepton degrees of freedom ρν(t) = Trl(ρ(t)). Prior
to the scattering we assume that the neutrino state is pure, i.e.
that ρν(tI) is a projector Tr(ρ2ν(tI)) = 1, with tI any instant
preceding the scattering. After the scattering, by tracing the
full state ρ over the charged lepton states, we obtain a neutrino
density matrix ρν which is no longer pure:
Tr(ρ2ν(tF )) < 1 (33)
where tF denotes a time right after the weak reaction. The in-
equality (33) describes the loss of purity of the neutrino state
due to a single weak scattering. It is clear that when many
such reactions occur during the neutrino propagation within
the medium, in virtue of Eq. (33), their cumulative effect
amounts to a dissipative term in the evolution equation for
7the neutrino state. We conclude this section with an impor-
tant remark. It could be argued that the charged lepton, being
part of the thermal bath, was not in a pure state to begin with.
While this is true in general, the reasoning that leads to the in-
equality (33) is unaffected, because it specifically pertains the
quantum correlations between the neutrino and the charged
lepton. It is the latter that get destroyed by the interactions
with the medium, leading to a loss of purity in the neutrino
state, regardless of the initial charged lepton state.
VI. RESULTS
The analysis carried over in the previous sections provides
the tools necessary to determine the evolution of the neutrino
state for the propagation in a dense medium, under the as-
sumptions of a sufficiently high energy Eν > 1GeV and
purely leptonic interactions. For an arbitrary medium, with a
non–constant density profile, the evaluation of the density ma-
trix and the related quantities of interest is an extremely com-
plicated numerical task. However, when a constant density
profile is assumed, a fully analytical treatment can be given.
We now derive the explicit form of the neutrino density matrix
and the transition probabilities in the high energy/high density
regime, for a constant medium density. The condition of high
electron density and/or high neutrino energy can be summa-
rized by means of the inequality
GFNe  ω0 . (34)
The mixing angle in matter θm predicted from the effective
potential of Eq.(3) satisfies the relation
sin 2θm =
ω0 sin 2θ√
(ω0 cos 2θ ± GFNe√2 )2 + ω20 sin
2 2θ
, (35)
where θ is the mixing angle in vacuum. When the inequality
(34) holds, the equation above becomes, to leading order in
the ratio  =
√
2ω0
GFNe
,
sin 2θm '  sin 2θ (36)
and we can see that at high density and/or high neutrino en-
ergy, the matter potential inhibits the oscillation, with the mix-
ing angle falling down with growing energy and density as
θm ∼ 1NeE . From the matter potential alone, one would
then conclude that in this regime the transition probabilities
Pνα↔νβ vanish, while the survival probabilities Pνα↔να ap-
proach unity. On the contrary, when the scattering is taken
into account, neutrinos still have a non–zero transition prob-
ability due to the reactions of Eq. (2). This point is exem-
plified in the figures (1, 2), where the transition probabilities
Pνβ→να(t) = Tr(ρνβ (t)ρνα(0)) for neutrinos and antineutri-
nos in a constant high density environment is shown. In this
regime the neutrino density matrix attains a simple explicit
form. Due to the absence of muons in the medium, and since
the oscillations are inhibited by the matter potential, an elec-
tron neutrino cannot ever transform in a muon neutrino. The
density matrix of an initial electron neutrino at time t is simply
ρνe(t) = ρνe(0). If the neutrino starts off as a muon neutrino,
it can transform into an electron neutrino due to the reactions
of eq. (2). At time t one has
ρνµ(t) = Pe(t)ρνe(0) + Pµ(t)ρνµ(0) (37)
with Pe(t)+Pµ(t) = 1. Let us examine the two probabilities.
If only one collision can occur, with probabilityP (t) ≡ P1(t),
the density matrix is
ρνµ(t) = (1− P (t))ρνµ(0) + P (t)ρ(1)νµ (t) (38)
and the second term on the right hand side is ρ(1)νµ (t) =
|UW,32|2ρνe(0) + |UW,33|2ρνµ(0). This is the most common
occurrence, because the probability of having more than one
collision is usually negligible. Inserting this equality in equa-
tion (38), we read off the probabilities as
Pe(t) = |UW,32|2P (t) Pµ(t) = 1− Pe(t) . (39)
Now, P (t) is the probability of having one collision after a
time t, and can be derived from the Poisson distribution with
expectation value λ, where λ is the average number of colli-
sions occurring in a time t. Denoting by σT the total cross sec-
tion for all the reactions of Eq. (1), the neutrino mean free path
is lF = 1NeσT . The average number of collisions is simply the
ratio between the distance covered by the neutrino z(= t with
c = 1) and the neutrino mean free path λ = tlF = NeσT t.
Hence P (t) = NeσT te−NeσT t and the density matrix is
ρνµ(t) = (1−NeσT te−NeσT t|UW,32|2)ρνµ(0)
+ NeσT te
−NeσT t|UW,32|2ρνe(0) . (40)
From the equation (40) we immediately deduce the transition
probability
Pνµ→νe(t) = NeσT te
−NeσT t|UW,32|2 (41)
or, writing the total cross section explicitly
Pνµ→νe(t) =
2G2FNemeEt
pi
(
3
2
+
8
3
sin2 θW
)
|UW,32|2
× e−
2NemeEG
2
F t
pi (
3
2+
8
3 sin
2 θW ) . (42)
Eq. (42) is a new oscillation formula for neutrinos propagating
through dense matter; it represents the main result of our pa-
per. Of course, the remaining probabilities are Pνµ→νµ(t) =
1 − Pνµ→νe(t), Pνe→νe(t) = 1 and Pνe→νµ(t) = 0. When
the probability of two or more collisions cannot be neglected,
it can be shown, from Equation (5), that
ρνµ(t) = e
−λ|UW,32|2ρνµ(0) +
(
1− e−λ|UW,32|2)
)
ρνe(0) .
(43)
Equations (40),(41) and (43) hold approximately when the
condition (34) is satisfied, and are exact in the limit of in-
finite density or infinite neutrino energy. The exact density
matrix, comprising also the effect of the oscillation and MSW
Hamiltonian H0 is way more complicated and does not have
a concise analytical form.
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Figure 1: (color online) Plot of the νµ → νe transition probability
as a function of the neutrino energy E, for an initial muon neutrino
travelling on a radial trajectory from the center of a white dwarf star
up to its outer radiusR. The blue solid line represents the bare matter
potential prediction, while the red dashed line is obtained taking into
account the scattering. The parameters are chosen in correspondence
with the Sirius B white dwarf [32, 33], with RSI = 0.0084R.
We have assumed a constant electron density Ne, obtained from the
average mass density of Sirius B ρSI = 1.018(0.0084)3 ρ, with ρ '
1.41g/cm3 the average mass density of the Sun, and assuming a
1 : 1 Hydrogen to Helium ratio.
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Figure 2: (color online)Plot of the ν¯e → ν¯e survival probability as
a function of the neutrino energy E, for an initial electron antineu-
trino. The blue solid line represents the bare matter potential pre-
diction, while the red dashed line is obtained taking into account the
scattering. We have assumed the same parameters as in figure (1)
A. Numerical analysis
We now present a numerical analysis for neutrinos propa-
gating in a dense medium. In main sequence stars, with elec-
tron densities comparable to that of the Sun N, the mat-
ter potential approximation breaks down only at extremely
high energies (E > 100GeV ). On the other hand, when
much denser objects are considered, such as white dwarfs
with NWD ' 106N, the deviation from the matter poten-
tial approximation is already evident at energies as low as a
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Figure 3: (color online) Plot of the T asymmetries ∆µ→eT =
Pνµ→νe − Pνe→νµ (black dashed line) and ∆¯µ→eT = Pν¯µ→ν¯e −
Pν¯e→ν¯µ (orange solid line) as a function of the neutrino energy E,
for a neutrino travelling on a radial trajectory from the center of a
white dwarf star up to its outer radius R. The same parameters as in
figure (1) are assumed.
few GeV , as shown in Figs.(1) and (2)). In these figures, we
plot Pνµ→νe and Pν¯e→ν¯e as a function of the neutrino energy
E, respectively, for neutrinos travelling on a radial trajectory
from the center of a white dwarf star up to its outer radius
R. The plots represent the bare matter potential prediction
(MSW effect and oscillations inhibited) (the blue solid line)
and the oscillation formulae obtained taking into account the
scattering (red dashed line). In the analysis, we considered
the parameters relative to the Sirius B white dwarf [32, 33],
with RSI = 0.0084R and we assumed a constant electron
density Ne.
The T asymmetries ∆α→βT = Pνα→νβ (t) − Pνβ→να(t)
for the propagation in a dense environment (see Fig.3) and
∆α→βCP = Pνα→νβ (t) − Pν¯α→ν¯β (t) are also considerably af-
fected by the scattering. Indeed, in view of the possible reac-
tions and due to the absence of muons in the medium, the
νµ → νe transition probability acquires a non–zero value,
while the probability for the opposite transition νe → νµ van-
ishes. Similarly, the antineutrino transition ν¯e → ν¯µ is al-
lowed, while the opposite transition ν¯µ → ν¯e is suppressed.
Overall, since ∆α→βT 6= ∆α→βCP , the CPT symmetry is vio-
lated. The CPT asymmetry is due to the additional scattering
term and the related decoherence effect. This is in contrast
with the matter potential approximation, for which, in the an-
alyzed energy regime, CP , T and CPT violations would all
vanish identically, since the oscillations are inhibited for the
MSW effect.
Notice that for regimes in which the oscillations are not in-
hibited, i.e. at smaller densities and energies, the oscillation
formulae here derived coincide with the usual ones obtained
considering the MSW effect.
Another quantity of interest is the impurity 1 − Tr(ρ2) of
the neutrino state ρ, which, as anticipated, is always zero in
the matter potential approximation. The impurity for an initial
electron antineutrino and an initial muon neutrino propagating
in a white dwarf, is plotted in the figure (4) as a function of
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Figure 4: (color online)Plot of the impurity 1−Tr(ρ2) as a function
of the neutrino energy E, for a neutrino travelling on a radial trajec-
tory from the center of a white dwarf star up to its outer radius R.
The black dashed line refers to the muon neutrino state, whereas the
orange solid line refers to the electron antineutrino state. We have
assumed the same parameters as in figure (1).
energy.
When the condition (34) holds, the impurity can be given
an exact analytical form. From the density matrix of eq. (43)
we find
1− Tr(ρ2νµ(t)) = 2e−λ|UW,32|
2
(1− e−λ|UW,32|2) (44)
and similar for the electron antineutrino. As it can be seen
from the figure (4), the impurity of the neutrino state initially
grows with the energy. At a specific value of the energy E∗,
depending on the electron density and on the distance R trav-
elled in the medium, the neutrino state reaches the maximum
impurity 1−Tr(ρ2ν(R)) = 12 . BeyondE∗ the collisions are so
frequent that the initial neutrino is almost certainly converted
into a neutrino with opposite flavor, approaching the related
pure state as the energy grows.
VII. CONCLUSIONS
We have analyzed neutrino oscillations in a dense medium
and have shown a decoherence effect induced by neutrino–
matter interactions. This interaction leads indeed to a loss of
purity in the neutrino state. We derived new oscillation for-
mulae for neutrinos interacting with leptons that deviate from
the ones obtained considering the MSW effect. The new for-
mulae allow neutrino oscillations in regimes of high density
and/or high neutrino energy, where the usual MSW formulae
provide vanishing transition probabilities. We also analyzed
CP and CPT symmetry violations due to the scattering term
and to the decoherence effect and we presented a numerical
analysis for propagation through dense objects such as white
dwarfs and stars similar to Sun. The corrections to the oscilla-
tion formulae here presented are in principle detectable. In our
treatment, the QFT effects on particle mixing and oscillations
[41, 42] and the curvature effects on neutrino oscillations [43]
are negligible.
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